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Abstract
We present a gauge-field extension of the Bose condensate model that describes T ≈ 0 superfluid
turbulence generated by the macroscopic motion of the superfluid. We first establish that the
condensate model is dual to the short-range interacting loop gas model, wherein the loops represent
quantum vortex lines. Vortex lines form, interact and proliferate as a result of the superfluidmotion.
Our extension is based on incorporating the Biot-Savart interaction between vortex lines, which is
lacking in the loop gas model. We show that the extended loop gas is dual to a Ginzburg-Landau
model, wherein the gauge coupling is between the macroscopic velocity field of the superfluid and
the condensate. Applying the model to cylindrical and pipe flows, we describe how turbulence
transitions with and without intermediate vortex flow, respectively.
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I. INTRODUCTION
Superfluid turbulence can be generated by a number of methods, notably, by counterflow,
or by macroscopic motion of the superfluid [1]. Contrary to the counterflow method which
involves the normal component, externally imposed superfluid motion pertains to the zero
temperature limit (nowadays often taken to mean T ≤ 0.6K) we are considering. Vortices
form in the shape of atomically thin vortex lines of quantized strength, a tangle of which
creates the superfluid turbulent state. At T ≈ 0, the fundamental microscopic theory
of superfluids, based on many-body quantum mechanics, is difficult to use to study flow
phenomena. The effective model of a weakly interacting Bose condensate provides a simpler
approach [2]. It captures some essential physics of superfluid flow, in particular, the structure
of the vortex lines. However, it does not explain the observed behavior, described below, for
transition to turbulence caused by superfluid motion.
Superfluid transitions from laminar to turbulent flow with or without intermediate mixed
(vortex) flows, depending on the geometry of the superfluid’s macroscopic motion. Most
notable examples are the cylindrical vessel (or Couette) flow and pipe flow, respectively
[3, 4]. In the superfluid cylindrical flow, as long as the angular velocity of the rotating vessel
is below a first critical value Ω1, the fluid remains stationary. The intermediate mixed flow
forms when the angular velocity is increased above Ω1, with the superfluid breaking into
an ordered array of vortex lines that are aligned along the rotation axis. Above a second
critical angular velocity Ω2 (> Ω1), the ordered vortex flow transitions into a turbulent flow
in which quantum vortices invade the whole fluid by forming a chaotic tangle. In pipe flow,
however, turbulent flow sets in when the superfluid velocity exceeds a critical value and
there is no intermediate mixed flow.
The correspondence of superfluid turbulence with superconductivity is intriguing [3]. Ex-
ternal driving weakens the ability of a flow to remain laminar, just as external currents
weaken the ability of a metal/alloy to be superconductive. In both examples above, expul-
sion of the macroscopic velocity from the liquid interior corresponds to the Meissner effect,
which occurs below a critical value of the applied magnetic field. The ensuing flow can be
divided into two types according to how the expulsion breaks down, corresponding to types
I superconductivity and II. The array of vortices in the mixed cylindrical flow corresponds
to the Abrikosov lattice of magnetic flux lines. The latter forms the mixed state of type
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II superconductors when the magnetic field lies between two critical values. If the field
increases even more, the flux lines will invade the whole sample and superconductivity will
be lost. In type I superconductivity, which corresponds to the pipe flow, this happens when
the external field exceeds a critical value and there is no intermediate mixed state.
Vortex lines are closed, they form and proliferate as a result of the superfluid motion,
tangling to destroy superflow. Therefore, superfluid turbulent transition should be describ-
able by a grand canonical ensemble of fluctuating loops of arbitrary size and shape (the
loop gas) representing the atomically thin vortex lines. Corroboratively, we first establish
that the condensate model is dual to the short-range interacting loop gas model. However,
once created, vortex lines interact via the long range Biot-Savart (BS) potential that re-
sults from their self-induced velocity field [5]. This interaction, which is a by-result of the
macroscopic superfluid motion, is lacking in the loop gas, thus rendering the condensate
model improper for describing flows that potentially involve vortices. By incorporating the
BS interaction, we show that the extended loop gas is dual to a Ginzburg-Landau (GL)
model wherein the gauge coupling is between the macroscopic velocity filed of the superfluid
and the condensate. The model coincides with the GL model of superconductivity [6], thus,
explaining the peculiar similarity between the latter and superfluid turbulence. Applying
the model to cylindrical and pipe flows, we describe how turbulence transitions with and
without intermediate vortex flow, respectively.
II. THE CONDENSATE MODEL AND DUALITY TO THE LOOP-GAS MODEL
In the standard condensate model, the large number of condensate bosons per unit vol-
ume, n0, gives rise to a collective irrotational velocity field, v0 = ∇φ, for the condensate,
which corresponds to the superfluid velocity. The macroscopic wave function of the con-
densate is given by ψ =
√
n0 exp(imφ/h¯), where m is the boson mass. For a condensate
of bosons with self-interaction of strength g > 0, the equilibrium energy is given by the
Gross-Pitaevskii energy functional [7]
E0[ψ, ψ
⋆] =
∫
d3x [
h¯2
2m
|∇ψ|2 − µ|ψ|2 + g
2
|ψ|4] (1)
where µ > 0 is the chemical potential near T ≈ 0. The Gross-Pitaevskii (GP) equation that
follows from the minimization of this functional possesses vortex line solutions (see e.g. [7]);
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the core being an atomically thin hole surrounded by a macroscopic region of irrotational
flow. Thus, the superfluid can lower its total energy by creating inhomogeneity in the flow,
concentrating vorticity along highly localized regions.
Vortex lines form closed loops, they cannot start nor end in the fluid interior because the
vorticity field is solenoidal. They form and proliferate as a result of the superfluid motion,
tangling to destroy irrotational superflow. Therefore, the superfluid turbulent transition
should be describable by a grand canonical ensemble of fluctuating loops of arbitrary size and
shape (the loop gas) representing the atomically thin vortex lines. (The loop gas has been
applied by K. Kleinert [7] to model both superfluid and superconductive phase transitions,
where in the latter, loops represent magnetic flux lines. In contrast to ours, in Kleinert’s
model proliferation of loops is caused by temperature change near the transition temperature,
which leads to the loss of order and signals phase transition.) Indeed, the condensate model
(1) is dual to the short-range interacting loop gas model. This was originally shown by
Kleinert [7], and our derivation, being tailor made for the problem at hand, is along similar
lines (see Appendix A). The duality is established by mapping the partition function of the
condensate model, namely,
W0 =
∫
d[ψ]d[ψ⋆] e−E0/kBT (2)
into the following form (λ = h/
√
2πmkBT being the de Broglie thermal wavelength)
W0 =
∑N
N=1
1
N !
∏N
l=1{
∫∞
0
dsl
sl
eµsl/kBT
∮
d[x(s′l)] exp (−πλ−2
∫ sl
0 ds
′
l x˙
2(s′l))}
× exp
(
− 1
kBT
∑N
l,k=1U0[x(s
′
l),x(s
′′
k)]
)
,
U0[x(s
′
l),x(s
′′
k)] =
1
2
g
∫ sl
0
∫ sk
0 ds
′
lds
′′
k δ
3(x(s′l)− x(s′′k))
(3)
which represents the grand canonical partition function of a system of loops parametrized by
the dimensionless variable s′l. The factor 1/sl in the first integral reflects the fact that every
value of s′l in the interval (0, sl) can represent the start/end point of the loop, giving rise
to sl indistinguishable configurations. The exponential following this factor is a Boltzmann
factor favoring configurations with large sl values, i.e., large loop sizes, as occur in turbulent
transition. The next exponential corresponds to the kinetic energy of the loops, and the
last one represents the Boltzmann factor associated with the short range (delta-function)
repulsive interaction between the loops.
In the zero-temperature limit, only the minimum energy configuration counts in (2) so
that the GP equation can be considered exact. Vortex lines, once created, interact via the
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long range Biot-Savart (BS) potential that results from their self-induced velocity field. This
interaction, which is a by-result of the superfluid motion, is lacking in the loop gas. In the
next section, we extend the loop gas model by incorporating the BS interaction.
III. THE EXTENDED LOOP GAS MODEL AND DUALITY TO THE GL MODEL
Vortex lines evolve and move under the influence of their self-induced solenoidal velocity
field as well as the background irrotational superflow. The BS interaction between vortices
is just the hydrodynamic energy of the self-induced velocity field. For loops parametrized by
s′l and s
′′
k and carrying one quantum of circulation κ = h/m each, the BS potential energy
is given by
UBS [x(s
′
l),x(s
′′
k)] =
∫ sl
0
∫ sk
0
1
2
ρκ2
x˙(s′l) · x˙(s′′k)
4π|(x(s′l)− x(s′′k)|
ds′l ds
′′
k
where the parameter ρ (with dimensions of mass density), to be fixed later, appears on
dimensional grounds. The partition function of the extended loop gas, W , is obtained by
including the Boltzmann factor associated with the BS interaction between all pairs of loops
in (3). Thus
W =
∑N
N=1
1
N !
∏N
l=1{
∫∞
0
dsl
sl
eµsl/kBT
∮
d[x(s′l)] exp (−πλ−2
∫ sl
0 ds
′
l x˙
2(s′l))}
× exp
(
− 1
kBT
∑N
l,k=1(U0[x(s
′
l),x(s
′′
k)] + UBS[x(s
′
l),x(s
′′
k)])
)
.
(4)
Using the auxiliary fieldA(x), this Boltzmann factor can be cast into the form (see Appendix
B)
∫
d[A]Φ[A] exp
(
− ρ
kBT
{∫
d3x
1
2
(∇×A)2 + iκ
N∑
l=1
∫ sl
0
ds′l x˙(s
′
l) ·A(x(s′l))
})
. (5)
(The functional Φ[A] is a gauge fixing factor introduced in view of the gauge invariance of
the integrand. Φ restricts the integral to the physical values of the field A and thus renders
them finite. It can be chosen from a variety of gauge fixing factors corresponding to different
choices of the gauge, but the result will be independent of that choice, of course.) Therefore,
(4) becomes
W =
∫
d[A]Φ[A] exp
(
− ρ
kBT
∫
d3x 1
2
(∇×A)2
)
×∑NN=1 1N ! ∏Nl=1{∫∞0 dslsl eµsl/kBT ∮ d[x(s′l)] exp (−πλ−2 ∫ sl0 ds′l x˙2(s′l))}
× exp
(
− 1
kBT
∑N
l,k=1U0[x(s
′
l),x(s
′′
k)]− iρλ
2
h¯
∑N
l=1
∫ sl
0 ds
′
l x˙(s
′
l) ·A(x(s′l))
) (6)
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Hence (see Appendix C)
W =
∫
d[A]Φ[A] exp
(
− ρ
kBT
∫
d3x 1
2
(∇×A)2
)
× ∫ d[ψ]d[ψ⋆] exp (− 1
kBT
∫
d3x [ h¯
2
2m
|(∇− iρλ2
h¯
A)ψ|2 − µ|ψ|2 + g
2
|ψ|4]
) (7)
where A embodies the vortex BS interactions. Let us introduce V = A/λ, which has the
dimensions of velocity, and let ρλ3 = m. Because BS interactions are a by-result of the
superfluid motion, we identify V as the macroscopic velocity field of the superfluid, in the
absence of which the condensate model is restored. Then
W =
∫
d[ψ]d[ψ⋆]d[V ]Φ[V ] e−E/kBT ,
E[ψ, ψ⋆,V] =
∫
d3x [ h¯
2
2m
|(∇− im
h¯
V )ψ|2 − µ|ψ|2 + g
2
|ψ|4 + 1
2
m
λ
(∇× V )2]
(8)
viz, the extended loop gas model is dual to the GL model. (We should mention that a similar
GL functional has been derived long ago [8] by merely demanding local gauge invariance
for the Gross-Pitaevskii energy functional, wherein V is attributed to the depletion velocity
and no connection is made with turbulence.)
The GL functional (8) is invariant under local gauge transformations V → V +∇Λ, ψ →
ψeimΛ/h¯. The spontaneous breaking of the local guage symmetry leads to the Higgs mode cor-
responding to the superfluid Meissner effect: The Goldstone mode associated with the spon-
taneous breaking of the global gauge symmetry of (1) corresponds to the long-wavelength
perturbations of the velocity potential. The condensate flows irrotationally with velocity
given by the gradient of the perturbation field. When set into motion, because of the gauge
coupling of the macroscopic velocity to the condensate, the long range order becomes costly
and the Goldstone mode disappears. Because µ > 0, it transforms to a short range (Higgs)
mode, giving way to a finite penetration depth for the external velocity, which corresponds
to the Meissner effect. This signals the onset of turbulence through vortex production.
The field equations that follow from the minimization of functional E are the well-known
GL equations
− h¯2
2m
(∇− im
h¯
V )2ψ + g|ψ|2ψ = µψ
m
λ
∇×∇× V = ih¯
2
(ψ∇ψ⋆ − ψ⋆∇ψ)−mV |ψ|2.
(9)
These equations, which replace the GP equation, describe turbulent transition caused by
the macroscopic motion of the superfluid.
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IV. TRANSITION TO TURBULENCE
The GL model of superfluid turbulence (8) explains the similarity, discussed in the In-
troduction, between this phenomena and superconductivity. The expulsion of the exter-
nal macroscopic velocity, which occurs below a critical driving value, is just the superfluid
Meissner effect. The Meissner effect breaks down when the macroscopic velocity is too large.
Superfluid flow can be divided into two classes according to how this breakdown occurs. In
type I flows (the pipe flow), laminar superflow is abruptly destroyed when the velocity rises
above a critical value. In type II flows (the cylindrical flow), raising the velocity above a
first critical value leads to an intermediate mixed flow, in which an increasing amount of
vorticity penetrates the superfluid through ordered arrays of quantized vortices. At a second
critical value, superflow is completely destroyed.
To see how the above scenario works for turbulent transitions, we apply the GL equations
(9) to a superfluid subject to external motion. Starting from turbulent/vortex flow, if we
continuously decrease the velocity, at a certain critical value superflow begins to form. Two
situations arise according to the two distinct solutions of the GL equations:
(i) A condensate phase appears abruptly in the bulk of the fluid, where |ψ| is the same
at all points. Such a condensate corresponds to laminar superflow, which entails decoupling
from the macroscopic motion when the velocity is sufficiently reduced. Working in the gauge
where ψ is real, the GL equations read:
1
2
mV 2 + gψ2 = µ
∇2V = λV ψ2.
(10)
The first equation gives V < V1 =
√
2µ/m, which expresses low driving kinetic energy.
Its first order solution ψ =
√
µ/g yields the London-like equation ξ2∇2V = V , where
ξ =
√
g/µλ is the penetration length for the external velocity, beyond which it decouples
from the superflow. The London equation explains the Meissner effect, which takes place at
the critical velocity V1 as the flow enters the condensate phase of laminar superflow. In terms
of the vortex core radius a0 = h¯/
√
2mµ ∼ 3A˚, we have V1 = h¯/ma0 ∼ 54 m/s, comparable
to the Landau critical velocity (≈ 58 m/s).
(ii) A condensate phase appears in the bulk of the fluid by spontaneous nucleation of
condensate regions. In regions where nucleation occurs, superflow is just beginning to appear
and, therefore, |ψ| is small. Since |ψ| is not the same at all points, such a condensate is
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distinct from laminar superflow (i); it corresponds to mixed vortex flow. The GL equations
can be linearized to give the Shro¨dinger-like equation
− h¯
2
2m
(∇− im
h¯
V )2ψ = µψ. (11)
Let us ignore boundary and consider an infinite domain.
For pipe flow, where V is along the pipe axis, vortex flow is not possible because the
solutions of (11) satisfy |ψ| = const. In other words, turbulent pipe flow transitions into
laminar superflow without the intermediate vortex flow. Meissner effect takes place at the
critical velocity V1 and the flow is of type I.
For cylindrical flow, where V = Ω× r, a condensate phase corresponding to an eigenso-
lution of (11) has eigenvalue µ = (2n+1)h¯Ω, where n is a nonnegative integer. Vortex flow,
thus, appears for angular velocities Ω < Ω2 = µ/h¯ = h¯/2ma
2
0 ∼ 1011 rad/s. (The upper
bound Ω2 is practically unachievable. Its significance is theoretical so as to establish a type II
flow.) By still decreasing the angular velocity, the number of vortices decreases until at some
critical value Ω1 there remains only one vortex line at the center of the cylinder (r = 0). The
superflow of this vortex line has azimuthal velocity v = ϕˆh¯/mr, and the superfluid density
is the same at all points except along the vortex line. Ω1 can be determined from E = LΩ1,
where E is the kinetic energy of the superflow and L is its angular momentum. Hence
Ω1 =
1
2
∫
v2d3x∫
rv d3x
=
h¯
m(R2 − a20)
ln
R
a0
≈ h¯
mR2
ln
R
a0
where R is the radius of the cylinder. For a typical vessel with R ∼ 1 mm, we have Ω1 ∼ 0.2
rad/s. Below Ω1, there is no vortex line and the condensate phase of laminar superflow
forms. Therefore, the flow is of type II.
Superfluid vortex dynamics has been studied via numerical simulations of the GP and
projected GP equations [9]. It would be instructive to undertake similar numerical studies
based on the LG equations (9). Comparison of the results would also test of our model.
V. RECAPITULATION
We have presented a guage-field extension of the Bose condensate model that describes
T ≈ 0 superfluid turbulence generated by the externally imposed macroscopic motion of the
superfluid. As a result of the superfluid motion, vortex loops form and proliferate, leading
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to the loss of ordered flow. Thus, the superfluid turbulent transition should be describable
by the loop gas model, where the loops represent the quantum vortex lines. Corroboratively,
we first established that the condensate model is dual to the short-range interacting loop gas
model. However, once created, vortex lines interact via the BS potential, a by-result of the
superfluid motion that is lacking in the loop gas model. By incorporating the BS interaction,
we have shown that the extended loop gas model is dual to a GL model wherein the gauge
coupling is between the macroscopic velocity filed of the superfluid and the condensate. The
model coincides with the GL model of superconductivity, thus, explaining the similarity
between the latter and superfluid turbulence. Applying the model to cylindrical and pipe
flows, we have described how turbulence transitions with and without intermediate vortex
flow, respectively.
Appendix A
Let us first derive the following result, which we shall be needing in the sequel:
det(− h¯
2
2m
∇2 + U)−1 = exp(
∫ ∞
0
dt
t
∮
d[x(t′)] exp
(
−1
h¯
∫ t
0
dt′[
1
2
mx˙2(t′) + U(x(t′))]
)
). (A1)
The Green function of the imaginary time (it→ t) Shro¨dinger equation satisfies
[h¯∂t − h¯
2
2m
∇2 + U(x)]G(x, t) = h¯δ3(x)δ(t).
Using the integrating factor I(t) = exp[ t
h¯
(− h¯2
2m
∇2 + U)], the above equation gives IG =
δ3(x)
∫ t
0 dt
′δ(t′)I(t′) = δ3(x), or
G(x, t) = exp[− t
h¯
(− h¯2
2m
∇2 + U)]δ3(x)
=
∫
x(t)=x
x(0)=0 d[x(t
′)] exp
(
− 1
h¯
∫ t
0 dt
′[1
2
mx˙2(t′) + U(x(t′))]
)
.
(A2)
The last line expresses the standard path integral formulation. Using
∫∞
ǫ
du
u
e−u = ln ǫ−1,
where ǫ→ 0+, we have
∫ ∞
0
dt
t
G(x, t) = ln(− h¯
2
2m
∇2 + U)−1δ3(x)
to within an additive (divergent) constant. Hence
Tr ln(− h¯
2
2m
∇2 + U)−1 =
∫ ∞
0
dt
t
TrG(x, t) =
∫ ∞
0
dt
t
G(0, t) (A3)
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as
TrG(x, t) =
∫
d3k
(2π)3
G˜(k, t) = G(0, t)
G˜ being the Fourier transform of G. Thus, (A1) follows from (A3) on using Tr lnB = ln detB
and (A2).
Now define
E0 =
∫
d3x (
h¯2
2m
|∇ψ|2 + U |ψ|2 + g
2
|ψ|4).
It follows from ∫
d[φ] exp
(
− 1
kBT
∫
d3x (
√
2
g
φ− i
√
g
2
|ψ|2)2
)
= 1
that
exp
(
− g
2kBT
∫
d3x |ψ|4
)
=
∫
d[φ] exp
(
− 2
kBT
∫
d3x (
1
g
φ2 − iφ|ψ|2)
)
and so
∫
d[ψ]d[ψ⋆] e−E0/kBT =
∫
d[ψ]d[ψ⋆]d[φ] e−H/kBT exp
(
− 2
kBT
∫
d3x 1
g
φ2
)
,
H =
∫
d3x ( h¯
2
2m
|∇ψ|2 + U |ψ|2 − 2iφ|ψ|2) = ∫ d3xψ⋆(− h¯2
2m
∇2 + U − 2iφ)ψ.
(A4)
But ∫
d[ψ]d[ψ⋆] e−H/kBT = det[− h¯
2
2m
∇2 + U − 2iφ]−1 = eJ
where, from (A1),
J =
∫ ∞
0
dt
t
∮
d[x(t′)] exp
(
−1
h¯
∫ t
0
dt′[
1
2
mx˙2(t′) + U(x(t′))− 2iφ(x(t′))]
)
.
Thus, (A4) becomes,
∫
d[ψ]d[ψ⋆] e−E0/kBT =
∫
d[φ] eJ exp
(
− 2
kBT
∫
d3x 1
g
φ2
)
=∑N
N=1
1
N !
∏N
l=1{
∫∞
0
dtl
tl
∮
d[x(t′l)] exp
(
− 1
h¯
∫ tl
0 dt
′
l [
1
2
mx˙2(t′l) + U(x(t
′
l))]
)
}
× ∫ d[φ] exp (− 2
kBT
∫
d3x 1
g
φ2 + 2i
h¯
∑N
l=1
∫ tl
0 dt
′
l φ(x(t
′
l))
) (A5)
having expanded the exponential eJ . Denoting the φ integral in the last line above by F ,
we can write
F =
∫
d[φ] exp
(
−
∫
d3x [
2
kBT
1
g
φ2 − 2i
h¯
φ
N∑
l=1
∫ tl
0
dt′l δ
3(x− x(t′l))]
)
.
It follows from
∫
d[φ] exp

− ∫ d3x [
√
2
gkBT
φ− i
h¯
√
gkBT
2
N∑
l=1
∫ tl
0
dt′l δ
3(x− x(t′l))]2

 = 1
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that
F = exp

− 1
h¯2
gkBT
2
N∑
l,k=1
∫ tl
0
∫ tk
0
dt′ldt
′′
k δ
3(x(t′l)− x(t′′k))]

 .
Hence, (A5) reads:
∫
d[ψ]d[ψ⋆] e−E0/kBT =∑N
N=1
1
N !
∏N
l=1{
∫∞
0
dtl
tl
∮
d[x(t′l)] exp
(
− 1
h¯
∫ tl
0 dt
′
l [
1
2
mx˙2(t′l) + U(x(t
′
l)]
)
}
× exp
(
− 1
h¯2
gkBT
2
∑N
l,k=1
∫ tl
0
∫ tk
0 dt
′′
k δ
3(x(t′l)− x(t′′k))
)
.
(A6)
Finally, putting U = −µ and t = h¯
kBT
s, we obtain expression (3) for the partition function.
Appendix B
Let us denote expression (5) by I. Working in the guage ∇ ·A = 0, we have (∇×A)2 =
−A · ∇2A, and so
I =
∫
d[A] exp
(
− ρ
kBT
{∫
d3x 1
2
A · (−∇2)A+ iκ∑Nl=1 ∫ sl0 ds′l x˙(s′l) ·A(x(s′l))})
=
∫
d[A] exp
(
− ρ
kBT
∫
d3x [1
2
A · (−∇2)A+ i∑Nl=1ωl ·A])
where ωl(x) is the vorticity along loop l. The expression inside the square bracket can be
written as
1
2
(A− i
N∑
l=1
ωl∇−2) · (−∇2)(A− i∇−2
N∑
k=1
ωk)− 1
2
N∑
l,k=1
ωl · ∇−2ωk
so that
I = [det(−∇2)]−3/2 exp
(
ρ
2kBT
∑N
l,k=1
∫ ∫
d3x d3x′ωl(x) · ∇−2δ3(x− x′)ωk(x′)
)
∝
exp
(
− ρ
2kBT
∑N
l,k=1
∫ ∫
d3x d3x′ ωl(x)·ωk(x
′)
4π|x−x′|
)
= exp
(
− ρκ2
2kBT
∑N
l,k=1
∫ sl
0
∫ sk
0 ds
′
l ds
′′
k
x˙(s′
l
)·x˙(s′′
k
)
4π|(x(s′
l
)−x(s′′
k
)|
)
.
Hence
I = exp(− 1
kBT
N∑
l,k=1
UBS [x(s
′
l),x(s
′′
k)])
to within an unimportant normalization constant.
Appendix C
In presence of the gauge field A with coupling constant q, ∇ → ∇ − i
h¯
qA, and U →
U + qx˙ ·A in the Lagrangian. Thus, going to imaginary time, (A1) becomes
det[− h¯2
2m
(∇− i
h¯
qA)2 + U ]−1 =
exp(
∫∞
0
dt
t
∮
d[x(t′)] exp
(
− 1
h¯
∫ t
0 dt
′[1
2
mx˙2(t′) + U(x(t′)) + iqx˙(t′) ·A(x(t′))]
)
).
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Also E0 → E, where
E =
∫
d3x [
h¯2
2m
|(∇− i
h¯
qA)ψ|2 + U |ψ|2 + g
2
|ψ|4].
Following the steps of Appendix A, we just have to make the replacement U → U + iqx˙ ·A
in the final result (A6) to get
∫
d[ψ]d[ψ⋆] e−E/kBT =∑N
N=1
1
N !
∏N
l=1{
∫∞
0
dtl
tl
∮
d[x(t′l)] exp
(
− 1
h¯
∫ tl
0 dt
′
l [
1
2
mx˙2(t′l) + U(x(t
′
l)]
)
}
× exp
(
− 1
h¯2
gkBT
2
∑N
l,k=1
∫ tl
0
∫ tk
0 dt
′′
k δ
3(x(t′l)− x(t′′k))− ih¯q
∑N
l=1
∫ tl
0 dt
′
l x˙(t
′
l) ·A(x(t′l))
)
.
Putting U = −µ, q = ρλ2, t = h¯
kBT
s, we have
∫
d[ψ]d[ψ⋆] e−E/kBT =∑N
N=1
1
N !
∏N
l=1{
∫∞
0
dsl
sl
eµsl/kBT
∮
d[x(s′l)] exp (−πλ−2
∫ sl
0 ds
′
l x˙
2(s′l))}
× exp
(
− 1
kBT
∑N
l,k=1U0[x(s
′
l),x(s
′′
k)]− iρλ
2
h¯
∑N
l=1
∫ sl
0 ds
′
l x˙(s
′
l) ·A(x(s′l))
)
.
(C1)
Equation (7) follows from (6) on using (C1).
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